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Abstract. Quasi-socle ideals, that is the ideals / of the form / = Q : in a Noe- 
therian local ring {A,m) with the Gorenstein tangent cone G(m) = ®„>o ^"/•^""''^ 
are explored, where q > 1 is an integer and Q is a parameter ideal of A generated 
by monomials of a system xi,X2, ■ ■ ■ ,Xd of elements in A such that (xi, a;2, ■ ■ ■ , Xd) 
is a reduction of m. The questions of when / is integral over Q and of when the 
graded rings G(/) = 0„>o^"/^"+^ and F(/) = 0„>o i^'Vm/" are Cohen-Macaulay 
are answered. Criteria for G(/) and TZ{I) = 0„>o to be Gorenstein rings are given. 



1. Introduction 

This paper aims at a study of quasi-socle ideals in a local ring with the Gorenstein 
tangent cone. Our purpose is to answer Question 11.11 below, of when the graded rings 
associated to the ideals are Cohen-Macaulay and/or Gorenstein rings, estimating their 
reduction numbers with respect to minimal reductions. 

Let A be a Noetherian local ring with the maximal ideal m and d = dim A > 0. Let 
Q = {xi,X2, ■ ■ ■ ,Xd) be a parameter ideal in A and let g > 1 be an integer. We put 
I = Q : m'^ and refer to those ideals as quasi-socle ideals in A. Then one can ask the 
following questions, which are the main subject of the researches |GMTt IGKM] and the 
present research as well. 

Question 1.1. 

(1) Find the conditions under which I ^ Q, where Q stands for the integral closure of 
Q. 

(2) When I ^ Q, estimate or describe the reduction number 

n+l 



tq{I) = min {0 < n G Z I /"+^ = Q^} 
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of / with respect to Q in terms of some invariants of Q or A. 

(3) Clarify what kind of ring-theoretic properties of the graded rings associated to the 
ideal / 

7^(/) = 0/", G(/) = 0/"//"+\ and F(J) = /"/mr 

n>0 n>0 n>0 

enjoy. 

In this paper we shall focus our attention on a certain special kind of quasi-socle 
ideals. We now assume that the tangent cone, that is the associated graded ring 

G(m) = 0m"7m"+^ 

of m, is a Gorenstein ring and that the maximal ideal m contains a system xi, X2, ■ ■ ■ , a;^ 
of elements such that the ideal (xi, X2, ■ ■ ■ , Xd) is a reduction of m (the latter condition 
is always satisfied if the field A/ mis infinite; see |NRj for the existence of reductions of 
m generated by d elements). Let ai, 02, ■ ■ ■ , a^^, and q be positive integers and we put 

Q = (xf ,X2%--- and I = Q:m''. 

Let A = A/Q, m = m/Q, and / = I /Q. Let p = max {n E Z \ m" 7^ (0)}, that is index 
of nilpotency of the ideal m, and put 

i = p + l-q. 

We then have the following, which are the answers to Question [TTT] in our specific setting. 

Theorem 1.2. The following three conditions are equivalent to each other. 

(1) ICQ. 

(2) m«/ = xn'^Q. 

(3) £>ai for alll<i<d. 

When this is the case, the following assertions hold true. 

(i) rQ(/)= [f] :=min {neZ\j<n}. 

(ii) The graded rings G(/) and F(/) are Cohen- Macaulay. 

Theorem 1.3. Suppose that i > ai for all 1 < i < d. Then we have the following. 

(i) G(/) is a Gorenstein ring if and only if i \ q. 

(ii) 7^(/) is a Gorenstein ring if and only if q = {d — 2)i. 
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Our setting naturally contains the case where A is a regular local ring with 
xi,X2, - ■ ■ ,Xd a. regular system of parameters, the case where A is an abstract hypersur- 
face with the infinite residue class field, and the case where A = Rm is the localization 
of the homogeneous Gorenstein ring R = k[Ri] over an infinite field k = Rq a.t the irrel- 
evant maximal ideal M = R^. In Section 3 we will explore a few examples, including 
these three cases, in order to see how Theorems 11.21 and 11.31 work for the analysis of 
concrete examples. The proofs of Theorems 11.21 and 11.31 themselves shall be given in 
Section 2. However, before entering details, let us here explain the reason why we are 
interested in quasi-socle ideals. 

The study of socle ideals dates back to a research of L. Burch [B], where she explored 
certain socle ideals of finite projective dimension and gave a characterization of regular 
local rings (cf. |GHl Theorem 1.1]). More recently, A. Corso and C. Polini |CPlt [CP2] 
studied, with interaction to the linkage theory of ideals, the socle ideals I = Q . m in 
a Cohen-Macaulay local ring {A, m) and showed that P = QI, once A is not a regular 
local ring. Consequently, the rings G(/) and F(/) are Cohen-Macaulay and so is the ring 
71(1) if dim A > 2. The first author and H. Sakurai |GSall [GSa2l [G5a3] explored also 
the case where the base ring is not necessarily Cohen-Macaulay but Buchsbaum, and 
showed that the equality P = QI (here I = Q : m) holds true for numerous parameter 
ideals Q in a given Buchsbaum local ring {A,m), whence G(/) is a Buchsbaum ring, 
provided that dim A > 2 or that dim A = 1 but the multiplicity e^i^) of ^ with respect 
to m is not less than 2. 

A more important thing is, however, the following. If J is an equimultiple Cohen- 
Macaulay ideal of reduction number one in a Cohen-Macaulay local ring, the associated 
graded ring G(J) = 0„>q J"/J"'*'^ of J is a Cohen-Macaulay ring and, so is the Rees 
algebra J) = 0„>o of J, provided ht^ J > 2. One knows the number and 
degrees of defining equations of TZ{J) also, which makes the process of desingularization 
of Spec A along the subscheme V(J) fairly explicit to understand. This observation 
motivated the ingenious research of C. Polini and B. Ulrich [PUj . where they posed, 
among many important results, the following conjecture. 
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Conjecture 1.4 ([PU]). Let {A,m) be a Cohen- Macaulay local ring with dimA > 2. 
Assume that dim A > 3 when A is regular. Let q > 2 be an integer and let Q be a 
parameter ideal in A such that Q (1 m'^ . Then 

This conjecture was settled by H.-J. Wang [Wanj . whose theorem says: 

Theorem 1.5 ( |Wan] ) . Let {A,m) be a Cohen- Macaulay local ring with d = dim A > 2. 
Let q > 1 be an integer and Q a parameter ideal in A. Assume that Q C m'^ and put 
/ = g : m'?. Then 

I C m^ m"! = m^Q, and = QI, 
provided that A is not regular if d > 2 and that q > 2 if d> 3. 

The recent research |GMT] of the first and the third authors jointly with R. Takahashi 
reports a different approach to the Polini-Ulrich Conjecture 11.41 and has proven the 
following. 

Theorem 1.6 ( [GMT] ). Let {A,m) be a Gorenstein local ring with d = dim A > 
and e'^iA) > 3, where e^{A) denotes the multiplicity of A with respect to m. Let Q 
be a parameter ideal in A and put I = Q : m^. Then m^I = xn^Q, = QI^, and 
G(/) = ©„>o -^"/-^"'''"^ « Cohen- Macaulay ring, so that 71(1) = 0„>o ^5 also a 
Cohen- Macaulay ring, provided d > 3. 

The researches |Wanj and [GMT] are performed independently and their methods 
of proof are totally different from each other's. The technique of [GMT] can not go 
beyond the restrictions that A is a Gorenstein ring, q = 2, and e^(y4) > 3. However, 
despite these restrictions, the result |GMTl Theorem 1.1] holds true even in the case 
where dim A = 1, while Wang's result says nothing about the case where dim A = 
1. As is suggested in |GMTj . the one-dimensional case is substantially different from 
higher- dimensional cases and more complicated to control. This observation has led the 
first three authors to the research |GKMj . where they have explored quasi-socle ideals 
in Gorenstein numerical semigroup rings over fields as the first step towards further 
investigations of the Polini-Ulrich Conjecture 11.41 of arbitrary dimension. The present 
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research is, more or less, a continuation of [Wanl IGMTllGKM] . and our Theorems 11.21 
and 11.31 might have some significance towards the second step, providing some insight 
with Question [LH that are not presented by [Wanl iGMTl IGKMj . 



G(m) = 0m"/m" 



2. Proof of Theorems 11.21 and 11.31 

The purpose of this section is to prove Theorems 11.21 and 11.31 First of all, let us 
restate our setting, which we shall maintain throughout this paper. 

Let A be a Noetherian local ring with the maximal ideal m and d = dim A > 0. We 
assume that the associated graded ring 

,n+l 

III / II 

n>0 

of m is Gorenstein and that the maximal ideal m contains a system xi,X2, - ■ ■ ,Xd of 
elements which generates a reduction of m. Then, since G(m) is a Gorenstein ring, 
the base local ring A is also Gorenstein and the initial forms {Xj}i<j<d of {xi}i<i<d 
with respect to m constitute a regular sequence in G(m), so that we get a canonical 
isomorphism 

G(m/(xi,a;2,-- - ,x,))^G(m)/(Xi,X2,-- - 
of graded A-algebras ( |VVj ). Let Oi, 02, ■ ■ ■ , a^, and q be positive integers and we put 

Q = {xl\x^2\--- and / = Q : m". 

Let A = A/Q, m = m/Q, and 7 = I/Q. Then 

G(m) ^ G(m)/(Xi"\X2'^% ■ ■ ■ ,X/''), 

whence G(fn) is a Gorenstein ring. Let p = max {n E Z \ m" 7^ (0)}, that is index of 
nilpotency of the ideal m, and we have 

d 

p = a(G(m)) = a(G(m)) + ^a^, 

1=1 

where a(*) denotes the a-invariant of the corresponding graded ring ( |GWl (3.1.4)]). 
Let 

i = p + l-q. 

By jWat] (see [01 Theorem 1.6] also) we then have the following. 
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Proposition 2.1. (0) : m* = m''^"^ ' for all i E Z. In particular / = (0) : = 
whence I = Q + xn^ . 

The key for our proof of Theorem 11.21 is the following. 

Lemma 2.2. Suppose that i > ai for all 1 < i < d. Then 

for all m > and n > 1. 
Proof. We have 



d 

n£+m~ai 



i=l 



since Xi,X2, ■ ■ ■ ,Xd is a. super regular sequence with respect to m (that is, their initial 
forms Xi,X2, ■ ■ ■ ^Xd constitute a regular sequence in G(m)). Because 

nl + m — tti = {n — l)i + m + {i — a^) > {n — l)i + m 

for each 1 < z < rf, we get 

Therefore, since C / by Proposition 12.11 we have 

d 



i=l 
d 



i=l 

as is claimed. □ 

Let us now prove Theorem II. 2[ 

Proof of Theorem M.^A (2) ^ (1) This is well-known. See |NR[ Section 7, Theorem 2]. 

(3) =^ (2) By Proposition [O we get m"/ = m«Q + m'?+^ whence m'?+^ C g, so that 
xxvi+^ = g n m''+^ C m«g by Lemma [221 because i > for all I < i < d. Thus 
xnH = m'?g. 
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(1) =^ (3) Let 1 < i < (i be an integer. Then xf e C I C Q. We look at the 
integral equation 



(xf)" + ci(x^r-i + --- + c„ = 

with n ^ and Cj G . Then x"^ G Yl]j=iQ''^i^~''^^ thanks to the monomial 

property of the sequence Xi,X2,--- ,Xd (cf. [0 Exercise 17.13, c.]; recall that the 
sequence Xi,X2, - ■ ■ ,Xd is A-regular), we have 

xf G Q^xf -^'^^ 

for some 1 < j < n. Let L = {(ai, 0^2, ■ ■ ■ , ad) G Z"' | > for all 1 < A; < d} and 
Aj = {a E L \ J2k=i = ]}■ Then since 

d 

fc=i 

thanks to the monomial property of Xi, X2, ■ ■ ■ , x^ again, we get 



fc=l 

for some a E Aj. Hence 

d 

{ni)ei = ^(afcafc)efc + [{n - j)i]ei + (3 

k=l 

with P E L, where {ej}i<j<d denotes the standard basis of Z'^. Consequently ak = Pk = 
if k ^ i and so = j. Hence = aij — ji + f3i, so that we have £ > as is claimed. 

Let us now consider assertions (i) and (ii). Let n > 1 be an integer. Then /" = 
Qjn-i _|_ ^ni gjn(.g J ^ Q j^-f^e (Proposition 12.11) . so that 

g n r = qr-^ + [g n m"^] c g/"-^ 

because Q n m"^ C g/"-i by Lemma O Therefore g n /" = gj"-^ for all n > 1, 
whence G(/) is a Cohen- Macaulay ring ([VVi Corollary 2.7]). 
We will show that tq{I) = Notice that 

tq{I) = min{n > | 1"+^ C Q}, 
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because /""'"^ = Q/" if and only if /""'"^ C Q. Firstly, suppose that /""'"^ C Q. We then 
have m("+^)^ = (0) (recall that 7 = m^, whence (n + 1)£ > p + 1. Therefore 

n + 1 > = = — hi, 

because £ = p + 1 — g, so that we have n > j. 

If n > |, then (n + 1)£ > (f + 1)£ = g + £ = p + 1 and so = m("+^)^ = (0), 
whence 1"+^ C Q. Thus rQ(/) = [f]. 

Because G(/) is a Cohen-Macaulay ring, to see the fiber cone F(/) is Cohen-Macaulay 
it suffices to show that 

g n mJ" = mQr^^ 

for all n > 1 (see, e.g., [CGPUlICZ] ). By Lemma Owe have 

Qnmr = Qn[xnQr-^ + m''^+^] 
= mg/"-^ + [g n m"^+^] 

C mQr-\ 

whence Q n ml" = xnQr-^. □ 

Assume that £ > for all 1 < z < c? and let YiS be the initial forms of x^^'s with 
respect to /. Then Fi, F2, ■ ' ' , is a homogeneous system of parameters of G(/), since 
g is a reduction of / (Theorem 11.21) . It therefore constitutes a regular sequence in 
G(/), because G(/) is a Cohen-Macaulay ring by Theorem 11.21 (ii), so that we have a 
canonical isomorphism 

G(7) = G(/)/(ri,r2,---,i^d) 

of graded A-algebras ( |V Vj ) . Hence a(G(J)) = a(G(/)) + d. Let r be the index of nilpo- 
tency of /, that is r = a(G(J)). Then since r = rQ(J) (recall that a;i"^, X2"^, ■ ■ ■ , x^"'' is 
a super regular sequence with respect to /) and a(G(/)) = a(G(/)) —d ( |GWt (3.1.6)]), 
by Theorem 11.21 (i) we have the following. 

Lemma 2.3. Suppose that i > ai for all 1 < i < d. Then a(G(J)) = [|] — d. 

Corollary 2.4. Assume that £ > ai for alll < i < d. Then TZ{I) is a Cohen-Macaulay 
ring if and only if [|] < d. When this is the case, d> 2. 
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Proof. Since G(J) is a Cohen-Macaulay ring by Theorem 11.21 (ii), TZ{I) is a Cohen- 
Macaulay ring if and only if a(G(/)) < ([TIJ). By Lemma [2.31 the latter condition is 
equivalent to saying that \j \ < d (cf. |GSh[ Remark (3.10)]). When this is case, d> 2 
because < fl]. □ 

We are now in a position to prove Theorem 11.31 

Proof of Theorem ll.Si . (i) Notice that G(/) is a Gorenstein ring if and only if so is the 
graded ring 

G(I) = G{I)/{Y,,Y,,--- ,Y,), 

where Fj's stand for the initial forms of x"''s with respect to /. Let r be the index of 
nilpotency of I. Then r = tq{I) = [|] , and G(J) is a Gorenstein ring if and only if the 
equality 

(0) : T = r^'-' 

holds true for alH G Z ([Ul Theorem 1.6]). Hence if G(/) is a Gorenstein ring, we have 
(0) : J = 7^ = frT^. On the other hand, since / = and g = p + 1 — ^, by Proposition 
12.11 we get 

(0) : 7 = (0) : = m". 

Therefore q = ri, since rfT^ = m'^ 7^ (0). Thus i \ q and r = j. 

Conversely, suppose that i \ q. Hence r = | by Theorem 11.21 (i). Let i G Z. Then 
since / = m^, we get 7^"^^ * = m*-^"'"^"*''^, while 

(0) : f = (0) : m'' = m''+^-'' 

by Proposition 12.11 We then have (0) : T = 7^^^ * for all i G Z, since 

{r + l- i)i = q + e-i£ = p+l-i£. 

Thus G(/) is a Gorenstein ring, whence so is G(/). 

(ii) The Rees algebra 71(1) of / is a Gorenstein ring if and only if G(/) is a Gorenstein 
ring and a(G(/)) = —2, provided d > 2 ([I, Corollary (3.7)]). Suppose that 71{I) is a 
Gorenstein ring. Then c? > 2 by Corollary 12.41 Since a(G(/)) = tq{I) — d = —2, by 
assertion (i) and Theorem 11.21 (i) we have j = tq{I) = d — 2, whence q = {d — 2)£. 
Conversely, suppose that q = {d — 2)i. Then d > 3 since g > 1. By assertion (i) and 
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Theorem 11.21 (i) G(/) is a Gorenstein ring with tq{I) = j = d — 2, whence a(G(J)) = 
{d — 2) — d = —2, so that TZ{I) is a Gorenstein ring. □ 

Example 2.5. Suppose that p > 5 is an odd integer, say p = 2r + 1 with r > 2. Let 
q = p — 1. Then i = p+ l — q = 2. Hence, choosing Oj < 2 for aA\ 1 < i < d, we have 
/ = Q + C Q with rQ(/) = r by Theorem 11.21 Since i \ q, hj Theorem 11.31 (i) the 
ring G(/) is Gorenstein, despite Q ^xn'^ (compare the condition with those in Theorem 
II. 5p . The ring TZ{I) is by Theorem 11.31 (ii) a Gorenstein ring, if d = r + 2. 

3. Examples and applications 

In this section we shall discuss some applications of Theorems 11.21 and 11.31 Let us 
begin with the case where A is a regular local ring. 

3.1. The case where A is a regular local ring. Let A be a regular local ring with 
Xi, X2, ■ ■ ■ , Xrf a regular system of parameters. Similarly as in the previous sections, let 

Q = {x1\x''2\--- ,xf) and / = Q : m" 

with positive integers ai,a2,--- , a^, and q. Then G(m) = k[Xi, X2, ■ ■ ■ ,Xd] is the 
polynomial ring, where k = A/m and Xj's are the initial forms of Xj's, so that we have 

d d 

p = ai — d and i = ^^(oi — 1) + 1 — 

i=l 1=1 

since a(G(m)) = —d. Notice that the condition that 

i > max {ai \ 1 < i < d} 

is equivalent to saying that 

aj > q + d — 1 

for all 1 < 2 < c?, because £ — ai = ^^yj aj — {q + d — 1) . When this is the case, d >2. 
We readily get, thanks to Theorem II. 2 [ the following. 

Example 3.1. The following assertions hold true. 

(1) Let d = 2. Then J C Q if and only if min{ai, 02} > + 1- 

(2) Let d = ?>. Then J C Q if and only if minjoi + | 1 < i < j < 3} > g + 2. 
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(3) Choose integers a and q so that 2 < a < (i and (d — l)(a — 1) < q < d{a — l). Let 
ai = a for all 1 < i < c/. Then I Q A but I ^ Q. For example, let = 3, a = 2, 
and g = 3. Then 

Thanks to Theorem 11.31 we are able to produce quasi-socle ideals I = Q : xn*^ whose 
Rees algebras are Gorenstein. 

Example 3.2. The following assertions hold true. 

(1) Let d = 2 and assume that I ^ Q. Then G(/) is not a Gorenstein ring. 

(2) Suppose that d > 3 and let > d — 1 be an integer. Let ai = d — 1, at = n for 
aA\ 2 < i < d, and q = {d — 2)n. Then TZ{I) is a Gorenstein ring. 

(3) Suppose that d = 5 and let = 4 for all 1 < z < 5. Let q = 8. Then I Q and 
G(/) is a Gorenstein ring with tq{I) = 1, but 7^(/) is not a Gorenstein ring. 

Proof. (1) Suppose that G(/) is a Gorenstein ring and let q = ri with r = tq{I). Then 
ai + a2 — l = p+ l = q' + ^ = ^(r + 1), which implies, because £ > for i = 1, 2 by 
Theorem ll.2[ that r = 0. This is impossible. 

(2) Since p = nd — n — 1, we get i = n. Hence q = {d — 2)i, so that by Theorem 11.31 
(ii) 71(1) is a Gorenstein ring. 

(3) We have p = 15 and i = q = 8. Hence I Q with rQ(/) = 1 by Theorem 
11.21 By Theorem 11.31 G(/) is a Gorenstein ring, but the ring 71{I) is not, because 
q^{d-2)i. □ 

Remark 3.3. When A is not a regular local ring, the associated graded ring G(/) of / 
can be Gorenstein, even though d = 2. See Example 13. 9[ 

Since the base ring A is regular, the Cohen-MacaulajTiess in Rees algebras TZ{I) 
follows from that of associated graded rings G(/) (pLj)- Let us note a brief proof in our 
context. 

Proposition 3.4. Suppose that i > for all 1 < i < d. Then the Rees algebra TZ{I) 
is a Cohen- Macaulay ring. 
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Proof. By Corollary 12.41 we have only to show [|] < d. Let = max{aj | 1 < i < d}. 
Then because £ > a^, we have 



Let L = {(ai,a2, ■■■ ,ad) G Z'^ | > for all! < i < d}. For each a = 
{ai, a2, ■ ■ ■ , ad) G L we put = Y[i=i ■ Let a be an ideal in A. Then we say that a 
is a monomial ideal, if a is generated by monomials in {xj}i<j<d, that is a = (x" | a G A) 
for some ACL. Monomial ideals behave very well as if they were monomial ideals in 
the polynomial ring k[xi^X2^ ■ ■ ■ ^Xd\ over a field k (see |HS] for details). For instance, 
the integral closure Q of our monomial ideal Q is also a monomial ideal and we have 
the following. 



Corollary 3.6. Suppose that d > 2 and let n > 2 be an integer. We put q = 
{x^~^, X2, ■ ■ ■ , x^). Then q = q + m" = (x"~^) + m" and all the powers (m > 1) are 
integrally closed. 

Proof. Let J = q + m" and a = (x", X2, ■ ■ ■ , xj^). Then a C q and m" C a, so that 
J C q. Let m > 1 be an integer and put K = (x™''"""'^'*, x^", ■ ■ ■ ,x™"). We will show 
that K C J™. Let a E L and assume that + V'' „ — > L We want to show 

— m(n~l) ^-^t=z mn — 

that x" G J'". We may assume that ai < m{n — 1). Let ai = {n— l)i + j with i,jEZ 
such that 0<j<(n- 1). Then < i < m. Since + ^ > 1, we get 




whence [|] < (i as is wanted. 



□ 



Proposition 3.5 ([HSJ). Let A = {« G L | Y.\=x % > U- Then Q = (x" | a G A). 




i=2 



SO that 



d 




ai > mn{n — 1) — nai = n[{n — l)(m — z) — j] 



i=2 



whence 



d 




nj 



n — 1 
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Because = ? H — ^ and < ?' < n — 1, we have = ? H — ^ < ?' + 1 and so 

d 

ttj > n(m — i) — j- 

i=2 

Thus 

whence C by Proposition I3.5[ 

Because C and C we have C q'" C C whence J'" = q*" = 
qm _ ^ Letting m = 1, we get J = q. This completes the proof of Corollary 13.61 □ 

Thanks to Corollary I3.6[ we get the following characterization for quasi-socle ideals 
/ = (5 : tn'' to be integrally closed. 

Proposition 3.7. Suppose that d >2 and aj > 2 for all 1 < i < d. Then the following 
two conditions are equivalent to each other. 

(1) / = Q. 

(2) Either (a) ai = i for alll <i < d, or (b) there exists 1 < j < d such that ai = i 
^/ * 7^ J ^'^'^ aj = i — 1. 

When this is the case, /" = for alln > 1, whence 7^(/) is a Cohen- Macaulay normal 
domain. 

Proof. (1) ^ (2) Since I = Q, we get q < p and I = Q + (Proposition 12. ip . Notice 
that 

Q C / = Q : C (Q : m'?) : m = Q : m'^+\ 

because I C A. Hence Q : m''^^ ^ Q. Consequently £ — 1 = p + 1 — (g + 1) < for 
some 1 < i < dhj Theorem II. 2 [ so that, thanks to Theorem 11.21 again, we have 

= Ctj > Cl-j 

for all 1 < j < d. Let A = {1 < j < d \ aj < i} . We then have the following. 

Claim. (1) aj =i- 1, if j E A. 

(2) ttA<l. 
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Proof. Let j G A. Then Oj < £ = whence j ^ i and £ > 3. Let a = [oj — l)ej + (aj — 
aj)ei. Then a ^ L but, thanks to the monomial property of ideals, ^ Q+tn^ = I = 
because Yl'k=i C(k = o,i — 1 = £ — 1 and ^ Q- Consequently, X]fc=i ^ ^ ^ 
Proposition 13.51 so that !<— + —, because 

Oj — 1 ttj — a, 

^ + ^ < 1. 

Let n = Oi — Oj. Then aj^Oi — aj) < as 1 < — + — , whence ajn < Oi = aj +n so that 

cij di 

< {oj — l)(n — 1) < 1. Hence n = 1 (recall that aj > 2) and aj = ai — 1 = £ — 1. 
Assume jjA > 2 and choose j,k G A so that j 7^ k. We put ?/ = x^x^"^. We then have 

y^"-^ = = (xj^)(x^'°)^^^ G Q^^^, because aj = ak = £ — I hy assertion 

(1). Hence y E Q = Q + m^, which is impossible because y ^ Q (recall that £ > 3) and 
y ^ m^, thanks to the monomial property of ideals. Hence jjA < 1. □ 

If A = 0, we then have £ = aj for all I < j < d. If A 7^ 0, letting A = {j}, we get 

01 = £ if i ^ j and aj = £ — 1. This proves the implication (1) =^ (2). 

(2) =^ (1) Suppose condition (b) is satisfied. Then I = Q + = (x^f^) + = Q 
by Proposition 12.11 and Corollary 13.61 Suppose condition (a) is satisfied. Then ICQ 
by Theorem 11.21 and / = Q + = by Proposition 12. whence I = Q. In each case 
all the powers of / are integrally closed (see Corollary 13.61 for case (b)), whence the last 
assertion follows from Proposition 13. 4[ □ 

Example 3.8. Suppose that d > 3 and let n > c? — 1 be an integer. We look at the 
ideal 

D — (^d,-^ -r" ... T-"") 

and let q = n{d — 2). Then £ = n, as p = nd — (n + 1), whence ICQ and / = Q + m^ = 
{xf~^) +m"'. The ring TZ{I) is by Theorem 11.31 (ii) a Gorenstein ring, since q = {d — 2)£. 
If n = rf, then / = (xf^^) + m"^ and 7^ = 1^ for all m > 1 by Corollary [3Jl so that 
7^(J) is a Gorenstein normal ring. 

3.2. The case vi^here A = Rm- Our setting naturally contains the case where A = Rm 
is the localization of the homogeneous Gorenstein ring R = k[Ri\ over an infinite field 
k = Rq at the irrelevant maximal ideal M = R^. Let us note one example. 
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Example 3.9. Let S = k[X,Y, Z] be the polynomial ring over an infinite field k and 
let R = S/ fS, where 7^ / G S* is a form with degree n> 2. Then i? is a homogeneous 
Gorenstein ring with dimR = 2. Let xi, X2 be a linear system of parameters in R and 
let M = _R+. We look at the local ring A = Rm- Let Oi = 2, 02 = n, and q = n. Let 
Q = (xj, x^)A and / = Q : where m = MA. Then 

p = a(i?) + (ai + 02) = 2n — 1. 

Hence £ = q = n, so that ICQ^I = Q + m"^ = (xf) + m", and G(/) is a Gorenstein 
ring with tq{I) = 1 (Theorems 11.21 and ll.3p . We have Q ^ m'^, if n > 3. 

3.3. The case where A = Let 1 < a < 6 be integers with GCD(a,6) = 1. 

We look at the ring A = C k[[t]], where k[[t]] denotes the formal powers series 

ring over a field k. We put x = t"' and y = t^. Then A is a one-dimensional Gorenstein 
local ring and m = {x,y). Because A = k[[X,Y]]/{X^ — ¥"■) where F]] denotes 
the formal powers series ring over the field k, we get 

G(m) ^ k[X,Y]/{Y''). 

Let n, g > 1 be integers, and put Q = (x") and I = Q : xn^. Then because a(G(m)) = 
a — 2, we have p = a + n — 2 and i = (a + n) — (g + 1). Consequently / C Q if and 
only if g < a (Theorem 11.21) . whence the condition that / C Q is independent of the 
choice of the integer n > 1. When this is the case, by Theorems 11.21 and 11.31 we have 
the following. 

Proposition 3.10. The following assertions hold true. 

(1) ^QW=r (a+n)Vl) 1- 

(2) The graded rings G(/) and F(/) are Cohen- Macaulay rings. 

(3) The ring G(/) is a Gorenstein ring if and only if (a + n) — (g + 1) divides q. 

Hence, if g = a — 1, we then have, for each integer n > 1 such that n \ g, that G(/) is a 
Gorenstein ring. 
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